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Abstract 

We introduce the notion of square integrable group representation 
modulo a relatively central subgroup and, establishing a link with 
square integrable projective representations, we prove a generalization 
of a classical theorem of Duflo and Moore. As an example, we apply 
the results obtained to the Weyl-Heisenberg group. 



1 Introduction 

Square integrable representations of locally compact groups have important 
applications in many fields of physics (generalized coherent states, quanti- 
zation, quantum measurement theory, signal analysis etc.; see the review 
paper pQ, the recent book [2] and the rich bibliography therein) and math- 
ematics (the theory of Plancherel measure for locally compact groups [2], 
wavelet analysis jl] , its generalization and the theory of localization opera- 
tors j^j etc.). 

The fundamental properties of these representations have been studied orig- 
inally by Godement, in the case of unimodular groups |Hj [I], and by Duflo 
and Moore [3], Phillips [S|, Carey Grossmann et al. |10| . in the gen- 
eral case. The notion of square integrable representation, modulo a central 
subgroup, of a unimodular group has been studied by A. Borel [TT] . 
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In the present paper, we introduce the notion of square-integrability, 
modulo a relatively central subgroup, of a representation, which extends the 
notion of square-integrability modulo a central subgroup, thus, in particular, 
the simple square-integrability. Then, we show that the square-integrability 
of a representation of a locally compact group G, modulo a relatively central 
subgroup K (which is a normal subgroup of G) , is equivalent to the square- 
integrability of a projective representation of the quotient group X = G/K, 
hence, to the square-integrability of a unitary representation of a central 
extension of the circle group T by X. This procedure allows to prove a 
generalization of the already cited classical result of Duflo and Moore. In 
the meantime, it is operative, in the sense that it can be directly applied to 
concrete cases, as we show for the representations of the Weyl-Heisenberg 
group. This example is remarkable since it is related to the classical coherent 
states of Schrodinger 13., Glauber [TI|, Klauder ^S] and Sudarshan [TB] . 
More examples and applications will be given in a companion paper |17j . 

The paper is organized as follows. In section |2J we review the main prop- 
erties of square integrable unitary representations, in particular the classical 
theorem of Duflo and Moore. In section|Hl we introduce the notion of square 
integrable projective representation and prove the, so to say, 'Duflo-Moore 
theorem for projective representations'. Next, in section @J we define the 
notion of square integrable representation modulo a relatively central sub- 
group and, using the results of sections [2] and 13 we prove a generalization of 
the theorem of Duflo and Moore and other basic results. Then, in section |3 
we study the intertwining properties associated with square integrable repre- 
sentations modulo a relatively central subgroup. Eventually, in section wc 
discuss the main results obtained and we apply them to the representations 
of the Weyl-Heisenberg group and to another interesting example. 

2 Square integrable unitary representations 

Let G be a locally compact second countable Hausdorff topological group (in 
short, l.c.s.c. group). We will denote by no a left Haar measure (of course 
uniquely defined up to multiplication by a positive constant 1 ) on G and by 
Aq the modular function on G. We recall that the the left regular represen- 
tation R of G in L 2 (G, [xq) is the strongly continuous unitary representation 
defined by 

(Rgf) (g') = f(g- 1 9% 9,9'eG, (1) 

1 In order to stress the essential unicity of the Haar measure, we will often call a 
particular choice of this measure a normalization of the Haar measure. 
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for all/GL 2 (G,/i G ). 

Let TC be a separable complex Hilbert space. We will denote by ( • , • ) 
the inner product in TC, which we will assume to be linear in the second 
argument, and by || • || the associated norm. We will say that a linear 
operator C from TC into a complex Hilbert space TC is essentially isometric 
if it is a multiple of an isometry, i.e. if there exists an isometry J :TC — > TC' 
such that C = XJ, with A > 0. 

Let U be a strongly continuous irreducible unitary representation of G 
in TC. Given a couple of vectors (f),ip £TC, we can define the 'coefficient' 

tfj: G 3 g » (U(g)il>,<i>) G C, (2) 

which is a bounded continuous function, and the set (of 'admissible vectors 
for [/') 

A(U):={if>€H\ 3<P£H: ^0,^eL 2 (G lW )}. (3) 
Then, the representation U is said to be square integrable if 

A(U) + {0}. 

Since U is irreducible, this condition is equivalent to the existence of a square 
integrable nonzero coefficient 

Square integrable representations are described by the following classical 
result due to Duflo and Moore (see 0). 

Theorem 1 Let the strongly continuous irreducible unitary representation 
U of the l.c.s.c. group G in the Hilbert space TC be square integrable. Then, 
the set A(U) is a dense linear manifold in TC and, for any couple of vectors 
<ft G TC and ip G A(U), the cofficient ^ is square integrable with respect to 
the left Haar measure fie on G. Moreover, for any nonzero tp G A(U), the 
map 

C": «9^hc^L 2 (G,H (4) 

defines a linear operator which is essentially isometric and intertwines U 
with the left regular representation of G in L 2 (G,nc), namely 

C^U(g) = R g C^, V 5 GG. (5) 

Finally, there exists a unique positive selfadjoint infective linear operator 
Djj in TC, such that 

A(U) = Dom (D v ) 
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and 



4i,^M 4^(9) dn G (g) = (<h,U(9)ih)(U(g)ih,<h)dnG(g) 



for all 4>i,4>2 £ 7~L, for all ipi,ip2 G A(U). The operator Djj is bounded if and 
only if G is unimodular and, in such case, it is a multiple of the identity. 

If U is square integrable, the operator Djj of Theorem ^ — which we 
will call the Duflo-Moore operator — being injective and selfadjoint, has 
a densely defined selfadjoint inverse Dy (see, for instance, ^S], Theo- 
rem 13.11). Duflo and Moore call the square of D^ 1 the formal degree 
of the representation U. Notice that the operator Djj depends on the nor- 
malization of the Haar measure ^g- Indeed, if hg is rescaled by a positive 
constant, then Djj is rescaled by the square root of the same constant. Thus, 
we will say that Djj is normalized according to hg- 

The theorem of Duflo and Moore has some important implications. Let us 
list the main ones. 

1. The square- integrability of a unitary representation depends only on 
its unitary equivalence class. According to Theorem ^ if U is square 
integrable, then it is unitarily equivalent to a subrepresentation Ur of 
the left regular representation R. 

2. Let G be a compact group. Then, any strongly continuous irreducible 
unitary representation of G is square integrable. This follows from the 
fact that, in this case, the Haar measure on G is finite. Moreover, in 
this case G is unimodular so that the Duflo-Moore operators associated 
with its irreducible unitary representations are simply multiples of the 
identity. In fact, for a compact group, Theorem ^ reduces to a well 
known classical result (see, for instance, |H]). 

3. If the representation U of G is square integrable, then, according to 
Theorem for any nonzero admissible vector ip £ <A(U), one can 
define the linear operator 



- sometimes called generalized wavelet transform generated by U, 
with analyzing vector ip — which is an isometry. The ordinary wavelet 
transform arises as a special case when G is the (l+l)-dimensional 
affine group, i.e. the semidirect product E x'R+ (see ^0] and [T2*]). 



JG 



(6) 



W$ : H3 4>^\\D u i>\\- l c^eL 2 {G, l x G ) 



(7) 
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4. The range of WH (or CY), which consists of bounded continuous 
functions, is a reproducing kernel Hilbert space (a classical reference 
on r.k.H.s. is 20 ) and the reproducing kernel is given explicitly by: 

x$(g,g') = \\D u iP\\- 2 (U(g)i>,U(g')i>), g,g'eG. (8) 

Namely, for any function / in 'RR, we have: 

fig) = [ 4{g,g') f(g') d^g'), V 5 e G. (9) 

JG 

This property follows from the 'orthogonality relation' (JSJ). 

Let us prove an interesting invariance property of the Duflo-Moore op- 
erator with respect to the representation U (Duflo and Moore used a similar 
property of the formal degree operator for proving their classical result). 

Proposition 1 Let U be square integrable. Then, the dense linear manifold 
Dom(Djj) = A(U) is invariant with respect to U and the positive selfadjoint 

1/2 

operator Djj is semi-invariant with weight Aq , i.e. 

U(g)D u U(g)- 1 = A G (g) 1 / 2 D u , \/g G G. (10) 
Proof : The linear manifold A(U) is invariant with respect to U; indeed: 

/ \{U{g ! )U{g)^^)\ 2 dn G (g') = Adg)- 1 [ \(U(g') ^,^)\ 2 dn G (g'). 
JG JG 

Now, let U be square integrable. Then, given <f> E H, \\<p\\ = 1, for any 
■01, tp2 £ Dom(D(/), we have: 

(DuU{g- x )ih,Dui>i) = I (^U^^iUig'g- 1 )^^) dfi G (g') 

JG 

= A G (g) [ (<f ) ,U(g'g)ij 1 )(U(g')^ 2 , ( t>) dficig') 
JG 

= A G (g)(D u ip 2 ,D u U(g)ip 1 ). 

Since Djj is a densely defined selfadjoint operator, D 2 , is a densely defined 
positive selfadjoint operator (whose domain is a core for Du). If ifii belongs 
to Dom(D^), we obtain: 

(fa, U(g) D 2 V i> x ) = A G {g) (D v ifo, D v U(g) fa), Vfa € Dom(^). 
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From this relation, since Djj is selfadjoint, it follows that 

DuU(g) G Dom(A/) and tf( 5 ) D 2 ^) = A G (g) (fa,D 2 v U{g) fa). 

Thus, the domain of is invariant with respect to U and, by the arbitrari- 
ness of fa hi the dense domain of Dry, we deduce that 

(U(g) DuUigY 1 ) (U(g) DuU(g)- 1 ) = U(g) D 2 V U(g)- 1 = A G (g) D 2 V , 

for all g £ G. Eventually, since the square root of a positive selfadjoint 

a 1/2 

operator is unique, Djj is semi-invariant with weight and the proof is 

complete. ■ 

In many physical applications, one has to deal with representations that 
are more general than unitary representations, namely with projective rep- 
resentations. Thus, in the next section, we will extend the notion of square- 
integrability to projective representations. This will also allow us to prove, 
in section 0J the main results of this paper. 

3 Square integrable projective representations 

Let P be a projective representation of a l.c.s.c. group G in a separable 
complex Hilbert space H (see, for intance, [25> chapter VII), namely a map 
of G into U(Tt), the unitary group of TL, such that 

1) P is a weakly Borel map, i.e. G 3 g i— ► ((f), P(g) ip) G C is a Borel 
function 2 , for any (j), ip € T~l; 

2) P(e) = I, where e is the identity in G and / the identity operator; 

3) denoted by T the circle group, namely the group of complex numbers 
of modulus one, there exists a Borel function m : G x G — » T such that 

P(gh) = m (g,h)P(g)P(h), Vg,heG. 

The function m, which is called the multiplier associated with P, satisfies 
the following conditions: 

m(g,e) = m(e,g) = 1, V<? G G, (11) 

2 The terms Borel function (or map) and Borel measure will be always used with ref- 
erence to the natural Borel strucures on the topological spaces involved, namely to the 
smallest a-algebras containing all open subsets. 
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and 



0203)^(02, S3) = m(9i92,93)tn(9U92), V 91,92,93 tG. (12) 

In general, a Borel map m:GxG->T satisfying the previous conditions is 
said to be a multiplier for G (if T is replaced by another abelian group A, 
m is said to be a A- multiplier). Two multipliers m, m' for G are said to be 
similar if there exists a Borel function (3 : G — > T such that 

m(g l7 g 2 ) = f3(g 1 g 2 )(3(g 1 )- 1 f3(g 2 )- 1 m '(g 1 ,g 2 ), V Jllj2 eG. (13) 

Irreducibility for projective representations is defined as for standard rep- 
resentations. Equivalence of projective representations is defined as follows. 
Let us identify the circle group T with the set {zl\ z G T} <ZlA{Ji.) which 
is the centre oiUiTL). Let us denote by w the canonical projection homo- 
morphism oiUiTL) onto V(7i) := U(Tt)/T, the projective group of Tt. Then 
two projective representations P, Q of G are said to be equivalent if there is 
a projective representation P' of G, unitarily or antiunitarily equivalent to 
Q, such that 

w(P(g))=w(P'(g)), V fl eG. (14) 

This definition of (physical) equivalence is consistent with Wigner's theo- 
rem on simmetry transformations 22 . Two projective representations P, P' 
verifying relation (|14(1 are said to be ray equivalent. Two ray equivalent 
representations have similar multipliers; conversely, if P is a projective rep- 
resentation of G with multiplier m and m' is a multiplier similar to m, then 
there exists a projective representation P' of G, ray equivalent to P, with 
multiplier m'. 

Now, given the cartesian product TxG, the composition law 

(T,g)(T',h) = ( m (g,h)TT',gh) (15) 

defines a group G m . It is well known that there exists a unique topology 
on T x G that makes G m a l.c.s.c. topological group and generates a Borel 
structure on G m which coincides with the product Borel structure on T x G. 
The group G m is a central extension of T by G. One can check easily that 
a left Haar measure on G m is given by the product measure fij <8> fj,a, where 
fij is the Haar measure on T (as usual for compact groups, we will assume 
that //t(T) = 1), and the modular function on G m is given by 

A Gm (r,g) = A G (g), Vr E T, Vg G G; (16) 
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hence, G m is unimodular if and only if G is. If m' is a multiplier for G 
similar to m, then G m i is isomorphic, as a topological group, to G m . 
The map 

Up: G m 3(T,g)^T- 1 P(g)eU(H) (17) 

is a unitary representation of G m in TC which is weakly Borel, hence, accord- 
ing to a classical result (see, for instance, J2^)> strongly continuous. It is 
trivial to show that Up is irreducible if and only if P is. One can check that 
the multiplier m defines a projective representation of G in L 2 (G,nc), with 
multiplier m, by 

{R™f)(g')= m (g,g- 1 g')- 1 f(g- 1 g'), / G L 2 (G, /i G ). (18) 

We will call R m the left regular m -representation of G. 

Obviously, given a couple of vectors in TC, one can define a coefficient 
function associated with P precisely in the same way as it has been done for 
a unitary representation. Then, one can define the set of admissible vectors 
for P, i.e. 

A{P):={^£H\ 3<f>eH: ^0,c^eL 2 (G )W )}. (19) 

At this point, if P is irreducible, one says that P is square integrable if 
A(U) ^ {0}. Thus, for unitary representations this definition coincides 
with the one given in section^ Let us show that square integrable projec- 
tive representations enjoy properties analogous to that of square integrable 
unitary representations. 

Theorem 2 Let P be an irreducible projective representation of the l.c.s.c. 
group G in the Hilbert space TC and m the associated multiplier. Then, P is 
square integrable if and only if Up is a square integrable unitary represen- 
tation of G m inH. Moreover, any projective representation of G equivalent 
to P is square integrable if and only P is. 

Assume that P is square integrable. Then, A(P) is a dense linear manifold 
in TC and A{P) = A(Up). For any 4> 6 TC and any tjj £ A{P), the function 

c^: G9 9 «(P^,^eC (20) 

is square integrable with respect to the left Haar measure [iq on G and, if 
ip ^ 0, the map 

C£: H9^ c ^eL 2 (G lW ) (21) 

defines a linear operator which is essentially isometric and intertwines P 
with the left regular m -representation of G; namely: 

C$P(g)=R2C$, V ff eG. (22) 
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There exists a unique positive selfadjoint injective linear operator Dp in H 
such that 

A(P) = Dom (Dp) 

and 

c 4>i,4>i(9)* c^ 2:4>2 (g) dfi G (g) = {<l>i,<h) ( D P (23) 

for all 0i,02 G T~C, for all tpi,ip2 S A(P). Moreover, Dp is equal to the 
Duflo-Moore operator Djj p associated with the square integrable represen- 
tation Up, provided that D\j p is normalized according to [Ig®^i, with 
//t(T) = 1. Finally, Dp is bounded if and only if G is unimodular and, 
in such case, it is a multiple of the identity. 

Proof : The map 

TxG3{r,g)^\(P(g)^^)\ 2 
is a non-negative Borel function; hence: 

/ \{U P {T,g)^,(t))\ 2 dw®HG(T,g) = / \(P(g) ij>, <j))\ 2 d// T ®/x G (r, g) 

JG m JJxG 

(Tonelli's theorem) = / \{P(g)ip, <f>)\ 2 dfi G (g) [ d/i T (r) 

Jg Jt 

(/xt = 1) = / \{P(9)i>A)\ 2 dti G {g). 
Jg 

Thus, we have that A(P) = A(Up) and P is square integrable if and only 
if Up is. Moreover, if P' is a projective representation of G equivalent to 
P, there exist a unitary or antiunitary operator V and a Borel function 
e : G -> T such that 

P'(g)=e(g)V*P(g)V, \/g € G, 

and hence: 

\^{g)\ = \ c v^,v<t>(9)\, e G. 

It follows that P' is square integrable if and only if P is. 

Let P be square integrable. Then, Up is square integrable and we have 

already shown that A(P) = A(Up). Now, notice that 

4f,^i( T ' 5 )* C £^ 2 ( T '#) = c ^i(#)* 4^2(5)' Vr £ T, V 5 G G. 



L 
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Thus, according to the theorem of Duflo and Moore, there is a unique posi- 
tive selfadjoint injective operator Djj p such that A{Up) = Dom(Du p ) and, 
for any (fr,^ G H, ^1,^2 6 A(U P ) = A(P), 

(<h.,<h){ D Upih,Dupih) = c^r^^g)* c^ 2 (r,g) d/J,T® /J, G (r,g) 

Tl 

^u^idT ^2,^2(5) dfi G (g). 

Hence, the linear operator is essentially isometric. Moreover, since G is 
unimodular if and only if G m is, Dp = Dy p is bounded if and only if G is 
unimodular and, in such case, it is a multiple of the identity. Finally, let us 
prove the intertwining property (|22|). In fact, we have: 

(C?(P(g)<j>))(g f ) = {P{g')^,P{g)4>) 

= m (g,g~ 1 )- 1 (P(9' 1 )P(9 , )^<t>) 

= m(g, g- 1 )- 1 m(g-\ g') <P(<rY) i/>, <f>) 

= m&g-ig'^iPig^g')^® 
= {R™(C%4>j){g') : ^eA(P), 

The proof is complete. ■ 

Remark 1 If m is a multiplier for G, then also 

m* : G 3 (g, h) m(g, hf = m{g, h)' 1 G T (24) 

is a multiplier and one can define the l.c.s.c. group G m *. Furthermore, if P 
is an irreducible projective representation of G with multiplier m, the map 

U* P : G m * B (r, g) 1 ► t P(g) G U{H) (25) 

is a strongly continuous irreducible unitary representation of G m * . Then, 
arguing as above, one can substitute in Theorem [H the representation U p 
with U*p. 

Remark 2 One can show easily that the linear manifold A(P) is invariant 
with respect to P. If P is square integrable, then, according to Proposition^ 
the Duflo-Moore operator Djj p associated with the square integrable unitary 
representation Up is semi-invariant with weight Ac m ; hence, recalling equa- 
tion Mb}) , since P(g) = Up(l,g) and Dp = D\j p , we have: 

P(g)D P P(g)- 1 = A G (g) 1 / 2 D P , \/g G G. 
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Notice that, as it happens for square integrable unitary representations, 
if one rescales the Haar measure \xq by a positive constant, the operator Dp 
is rescaled by the square root of the same constant. We will say, then, that 
Dp is normalized according to fia- 

4 Square integrable representations modulo a rel- 
atively central subgroup 

Let G be a l.c.s.c. group, U a strongly continuous irreducible unitary repre- 
sentation of G in a separable complex Hilbert space 7i and K a closed normal 
subgroup of G such that the restriction of U to K is a scalar representation; 
namely: 

U(kg) = X (k) U{g) = U(gk), Vfc G K, Vg G G, (26) 

where x '■ K ^ T is a continuous group homomorphism. We will say that 
the subgroup K, with the specified properties, is U- central or that K is 
relatively central with respect to U. This terminology refers to the fact 
that U(K) is a subgroup of the centre of U(7i) which, as we have seen, can 
be identified with T. For instance, any closed central subgroup K of G is 
[/-central; indeed, in such case we have that 

U(k) U(g) = U(kg) = U(gk) = U(g) U(k), Vfc G K, V 5 G G, 

hence, by Schur's lemma, for any k G K, U{k) = x(k) I, where x is a unitary 
character of the abelian group K. In particular, we will denote by Kq the 
centre of G. There exists a unique maximal [/-central subgroup of G which 
will be denoted by K. It coincides with the kernel of the continuous group 
homomorphism G 3 g i-> w o U(g) G V(H). 

Given a generic relatively central subgroup K of G, we will denote by X 
the left coset space G/K, which, endowed with the quotient group structure 
and the quotient topology, is a l.c.s.c. group since K is a closed normal 
subgroup, and by p : G — > X the canonical projection homomorphism, 

p(g)=gK, geG, (27) 

which is an open continuous map. There is a natural continuous action of 
G on X, (■)[■] : G x X -> X, defined by: 

g[x] = p(g) x, g G G, x G X. (28) 
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Notice that a left Haar measure \ix on X is invariant with repect to this 
action. Hence, it is a standard result that, denoted by Ak the modular 
function of K, the following relation holds: 

A K (k) = A G (k), Vk G K. 

This implies that, if G is unimodular, any closed normal subgroup of G - 
in particular, any [/-central subgroup — will be unimodular. We recall also 
that there exists a (in general not unique) Borel map s : X — » G, such that 

p(s(x)) = x, \/x G X, and s{eK) = e. 

Such a map is said to be a Borel section. Then its range intersects each 
left -fT-coset in exactly one point. Now, if s is a Borel section, since X is a 
quotient group, we have: 

s(x 1 x 2 ) = s(sci) s(x 2 ) k s (x 1 ,x 2 ), (29) 

where k s : X x X ^ K is Borel map (if, in particular, K is a central 
subgroup, one can check that k s is a K- multiplier ) . 

As a first step, we want to show that if U is a square integrable represen- 
tation K must be compact. To this aim, we need to prove a technical result 
which will be extremely useful in the following (see formula (|32(l below). 

Lemma 1 For any Borel section s, the map 

7s : X x K 3 (x, k) ^ s(x) k£G (30) 

is a Borel isomorphism and the image, through % , of the product in G is 
given by 

(x, k) (x , k') = (xx , k s (x, x')~ l k s ( x fjk'), x,x'eX, k,k'&K, (31) 

where we have set k s ( x /) = s(x')~ 1 ks(x'). 

Proof : Since s is a Borel section, 7 S is a bijective Borel map, hence, 
as X x K and G equipped with their natural Borel structures are standard 
Borel spaces, a Borel isomorphism. Besides, for any g,g' G G, setting 

(x,k) = 1 - 1 (g) = (p( 5 ),s(p(< 7 ))- 1 5 ), ( x ',k f ) = %\g% 

we have: 

gg = s(x)ks(x')k' 

= s(x)s(x')s(x')~ 1 ks(x')k' 

= s(xx') (k s (x, x')~ 1 s(x')~ 1 ks(x') k') . 
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Then, since K is a normal subgroup, the point s(x') 1 ks(x') belongs to K 
and 



which is precisely what we had to prove. ■ 

At this point, it is natural to ask what is the image measure, through 
the map 7,7 x , of the Haar measure \xq on G. 

Lemma 2 Denoted by fix a left Haar measure on K and by fix a left Haar 
measure on X, the image measure on XxK , through the Borel isomorphism 
7" 1 , of hq does not depend on the choice of the Borel section s and is 
proportional to the product measure fix® UK- Hence, for any Borel function 
f : G — > C and any Borel section s : X — > G, the following formula holds: 



for a suitable normalization of the Haar measures fix o.nd fix which does 
not depend on the choice of the section s. 

Proof : Recall that a left Haar measure on a l.c.s.c. group G is defined 
uniquely, up to multiplication by a positive constant, by the property of 
being a cr-finite left-invariant measure on the Borel cr-algebra of G (see, 
for instance, |21| . chapter V, sect. 2). Thus, all we have to show is that 
the image fiQ, through the Borel isomorphism 7 S , of the product measure 
/J-X&HK is a cr-finite left-invariant measure on G. Indeed, f~iQ is cr-finite since 
Hx®Hk is- Moreover, for any non-negative Borel function / : G — > R, we 
have: 



7s 1 (9d') = {xx',Ks(x,x')s(x') 1 ks(x')k') 




(32) 



/ f(gg') dfL G {g') 



I f{s{xx') k s (x,x') 1 k s{x >)k') dfi x ®VK{x' \k') 

XxK 



JG 



(Tonelli's theorem) 





Hence, for any non-negative Borel function / on G, we have 




13 



so that jiQ = a fj,a, for some a > 0. If s' is another Borel section, we have 
that s'(x) = s(x) v(x), where v : X — ► K is a Borel map. Then, for any non- 
negative Borel function / on G, by Tonelli's theorem and the left-invariance 
of fj,j(, we have: 

/(s(x) k) dnx®^K{x, k) = / f(s(x)v(x) k) dfix®fJ-K(x,k) 
v , ;\ Jxxi<: 

f(s'(x) k) dnx®^K{x,k). 

XxK 

This shows that the image measure through 7 S of ^x®^K does not depend 
on the choice of s and the proof is complete. ■ 

Prom this point onwards, we will assume that the normalization of the 
Haar measures fix and \xk has been fixed in such a way that equation (|32|) 
is satisfied. It will be an easy task, now, to prove the announced result. 

Proposition 2 If the representation U is square integrable, every U -central 
subgroup of G is compact. Hence, in particular, G admits square integrable 
irreducible unitary representations only if K and Kq are compact. 

Proof : Indeed, if U is square integrable, for any <j) E Tt and ip G A(U), 
4>, if) ^ 0, we have: 

< a = / \c^{g)\ 2 dti G {g) < +oo. 
Jg 

Then, for any [/-central subgroup K of G, using formula (J32[). we find: 

0<a= / |c^(s(x) k)\ 2 dux® HK{k) 



XxK 



(K is [/-central) = / \ c tb d>( s ( x ))\ dfix^l^Kix^k) 
JxxK 

(Tonelli's theorem) = /j,k(K) / \ c 4> ch( s ( x ))\ 2 d^x{x) < +oo. 

Jx 

It follows that hk(K) < +oo, hence K must be compact. ■ 

Our next step will be to show that one can associate, in a natural way, 
with the unitary representation U of G a projective representation of X. To 
this aim, let us define a map m s : X x X — > T by 

m s (x 1 ,x 2 ) := x(k s (xi,x 2 )), (33) 

where we recall that x '■ K — > T is the continuous group homomorphism 
determined by the restriction of U to the [/-central subgroup K. 
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Proposition 3 Given a Borel section s : X — > G, the function m s is a 
multiplier for X and the map P s : X — > U{TL), defined by 

P 5 (x) := U(s(x)), Vx G X, (34) 

zs an irreducible projective representation with multiplier m s . Moreover, if 
s' : X — > G is another Borel section, P s and P s > are ray equivalent projective 
representations, hence, the multipliers m s and m s / are similar. 

Proof : As k s is a Borel map, the function m s is Borel and, since 
K s (e,x) = K s (x,e) = e, where here e denotes the identity both in X and in 
G, we have that m s (e, x) = m s (x,e) = 1, for any x £ X. Besides, since 

S(XIX 2 X 3 ) = S(xi) S(X 2 ) S(X 3 ) K 5 (X 2 ,X 3 ) K S (X 1 ,X 2 X 3 ) 
= s(Xi) S(X 2 ) K s (xi, X 2 ) S(X 3 ) K S (X1X 2 ,X 3 ), 

using the fact that the restriction of U to K is the scalar representation \ I, 
we find: 

x(k 5 (xi,x 2 x 3 ))x(k s (x 2 ,x 3 )) I = U(s(x 1 x 2 x 3 ))U(s(x 1 )s(x 2 )s(x 3 )y 1 

= x(k s {xiX 2 ,x 3 ))x(k s (xi,x 2 ))I, 

for all x\, x 2 , x 3 £ X. Thus m s is a multiplier for X. Moreover, observe that 
P s is a weakly Borel map, P s (e) = I and, setting x 3 = e above, we obtain: 

U(s(xix 2 )) = x(ks(xi,x 2 ))U(s(xi))U(s(x2))- 

Hence, P s is a projective representation with multiplier m s . The relation 

w(P s (X)) = zu(U(G)) C V{H) 

implies that P s is irreducible, since U is. If s' is another Borel section, there 
is a Borel map v : X — > K such that 

s'(x) = s(x) v(x), Vx G X. 

Then, setting j3 := x° v, there exists a Borel map (3 : X — ► T such that 

P s ,{x) = P(x)P s (x), VxGX, 

hence, w{P s >{x)) = w(P s (x)), for any x G X; namely, P s and P s i are ray 
equivalent projective representations. It follows that the associated multi- 
pliers must be similar. In fact, explicitly, we have: 

x{k s '(x!,x 2 ))I = x(s / (xiX2)s / (x 2 ) _1 s / (xi) -1 )/ 

= /3(xix 2 ) I3( xi )- l f3{x 2 r l U(s(x lX2 ) s(x 2 )- 1 s(x 2 )- 1 ) 
= (3(xix 2 ) f5{xi)~ l (5(x 2 )~ 1 x{ns{xi,x 2 )) I, 
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for all x\,X2 € X. Thus m s and m s / are similar multipliers and the proof is 
complete. ■ 

Since P s is a projective representation with multiplier m s , one can define, 
as it has been shown in section |3J the l.c.s.c. group X ms and the strongly 
continuous unitary representation 

U Ps : X ms 3 (r, x) ^ r^P^x) G U(H). (35) 

Up s is irreducible since P s is. Again, we stress that this construction does 
not depend essentially on the choice of the Borel section s. Indeed, if s' is 
another Borel section, m s and nv are similar multipliers, so that X ms and 
X m ^, are isomorphic topological groups and the representations Up s , Up s , 
can be identified under this isomorphism. 

At this point, we want to introduce the notion of square integrable rep- 
resentation modulo a relatively central subgroup. To this aim, let us recall 
that, for any compact subset C of G, the set C K is closed (since K is closed) 
and the subset p(C) of X is compact (since p is continuous). We recall also 
that a Borel measure on a l.c.s.c. topological space is a Radon measure if 
and only if it is finite on compact sets (see, for instance, [SHI, chapter 7). 
Moreover, any Radon measure on a l.c.s.c. topological space is regular (in 
particular, Haar measures on l.c.s.c. groups are regular Radon measures). 
Then, let us define M.g,k as the set of the Borel measures ^g,k on G that 
verify the following conditions: 

(a) Hg,k is absolutely continuous with respect to the Haar measure fie'- 
Ho K <C fJ-c (i-e. hgk(13) = for every Borel set B C G such that 
Hg(B) = 0); 

(b) for any compact subset C of G, 

^ G>K (CK)= f i x (p(C)). (36) 

Notice that, since for any compact subset C of G the subset p(C) of X 
is compact, hence 

Vg,k{C) < hg,k(C K) < +oo, V>G,iC G M g ,k, 

the set A4q,k consists of (regular) Radon measures. Moreover, any measure 
Hg,k in -M-g,k is nonzero. Indeed, given a compact subset X of X, it is 
a standard result (see, for instance, |21| . chapter V, sect. 4) that there is 
a compact subset C of G such that X = p(C). Then, choose the compact 
subset X so that nx(X) > (for example, take the closure of a nonempty 
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precompact open set); hence: hg,k{CK) > 0. 

Clearly, for any couple of positive constants a\,a2, with a\ + 02 = 1, and 
any couple of measures [i G k , fi G K £ M-g,K, the measure ai fj, G K -\-a2H G K 
belongs to M.g,K- Another fundamental property of the set M.g,k is that 
it is left-invariant in the following sense. For any \xg,K 6 -M-G,K an d any 
g G G, one can define the (/-translate measure (j? G K by 

^ K (B) = n G , K (gB), (37) 

where B is an arbitrary Borel subset of G. Then, if hg(B) = 0, we have that 
Vg(qB) = and, since (i g ,k < Hg, 

H 9 GtK {B)=HG iK (j9B) = Q\ 

hence: fJ> GK <C fXQ- Besides, for any compact subset C of G, the set gC is 
compact and 

fi G , K ( CK ) = VG, K (gCK) = vx(p(g)p(C)) = mx(p(C)). 

Thus, the Borel measure [J. GK De l° n g s to M.g,k- 

Equation Q36JI fixes, in particular, the normalization of the measures in 
M.g,k in the sense that, given fJ*G,K S M.g,k, the measure afiG,K, with 
< a / 1, does not belong to Mg,k- We could have defined M.g,k letting 
this normalization free, but this would have introduced cumbersome con- 
stants in many formulae. Let us now give a complete cheracterization of the 
set Mg,k- 

Proposition 4 The left-invariant set of nonzero Radon measures Mg,k is 
not empty. Any measure (1g,k in A4g,k is of the form d(j,G,K = Q^P-G, where 
g : G — > R is a non-negative Borel function — which is essentially unique, 
i.e. unique modulo alterations on ^iQ-null sets — verifying the following 
property: 

g(s(x) k) dfix(k) = 1, for ^x-almost all x G X; (38) 

here the integral does not depend on the choice of the Borel section s. Con- 
versely, every Borel measure hg,k on G such that dfj>G,K = QolfJ-G, for some 
non-negative Borel function g : G — > M verifying property i,'J8\) . is contained 
in Mg,k- 



1 
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Proof : Let fJ,G,K be a measure in M.g,K- Then, since Hg,K l^Gi 
according to the Radon-Nikodym theorem, d/iG,K = Qdfic, for some essen- 
tially unique non-negative Borel function g on G. Now, take a compact 
subset C of G and denote by X the compact subset p(C) of X (we have al- 
ready recalled that each compact subset of X can be obtained in this way). 
Besides, for any set y, denote by iy its indicator function. At this point, we 
have: 



where for obtaining the last equality we have used formula ()32p . Then, since 

ick{${x) k) = i XxK (x, k) = ix (x), V(x, k) G X x K, 
by virtue of Tonelli's theorem, we find: 



Here we stress that, by the left-invariance of /j,k, the Borel function g does 
not depend on the choice of s. Hence, for any compact subset C of G, we 
have: 



Then, since fix is a regular measure (in particular, inner regular), it is 
determined uniquely by its value on compact sets and, by the arbitariness 
of the compact set X, we argue that g(x) = 1, for /ix-almost x in X. 
Conversely, reasoning as above, one finds that every non-negative Borel 
function g on G satisfying property defines a measure hg,k of the form 
d/J>G,K = Qd^G which belongs to M.g,K- I n particular, this is true for every 
continuous function g : G — > R such that 





where g is the Borel function defined by 






(39) 
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Now, such a function does exist (see, for instance, Proposition 2, p. 258, of 
ref. ^Hl)> so that M.g.k is a nonempty set. ■ 

Remark 3 Condition is equivalent to the following one: 

g{g k) dfiK(k) = 1, for [iQ-almost all g E G. (40) 
In fact, if we define the sets 

G:= [ g eG\ j g(gk) d^(fc) ^ l}, 
^:={xGX| J g(s(x)k) d/j, K (k) / 1 j, 

by the left-invariance of [Xk, we have that p(G) and G = GK = p _1 (^f) ; 
hence G= j s Qf, K) . Thus, by Lemma [U 

/s G (G)=0 ^ Mx(^)=0. 

We will call the essentially unique non-negative Borel function g of 
Proposition ^ the density canonically associated with hg,k 6 -M-g,k- No- 
tice that, for every measure ^g,K in -M-g,k and any g £ G, the ^-translate 
measure fi G K is of the form dy? G K = g 9 dpiG, where g 9 is the ^-translate of 
density g canonically associated with hg,k, i-e. the Borel function defined 
by Q 9 (g') = q{99')- I n fact, for any Borel set B C G, denoted by ijs the 
indicator function of B, we have: 

V 9 gk( B ) = / vKfiO QW) dfiG(sf) 
Jg 

= I ^(^W) d» G (g') 
Jg 

iB{g') g{gg') d^ G {g')- 

Then, consider the set $g,k of classes of Borel functions on G defined as 
follows. Each element of $g k consists of all real-valued Borel functions on 
G that are /t^-almost everywhere equal to a non-negative Borel function g 
satisfying condition (|4Uj) : namely, this element is the equivalence class of g, 
in the linear space of real- valued Borel functions on G, with respect to \iq- 
For any g S G, one can define the (^-translate of an element of 3g,k as the 
equivalence class, with respect to hg-> of the ^-translate of a representative 
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function of this element. As we have just seen, this equivalence class is 
again an element of $g,k- In this sense, the set $g,k is left-invariant and, 
according to Proposition |1J there is a one-to-one correspondence between 
classes of functions in 3g,k and measures in M.g,K- From the proof of 
Proposition EI it turns out that there are elements of $g,k that admit a 
continuous representative function satisfying the stronger condition 1)39(1 . 
We will call regular the corresponding measures in A4g,k- It is clear that 
regular measures form a left-invariant subset of Mg,k- 

Now, let us define the following subset of the Hilbert space 7i (namely, 
the set of 'admissible vectors for U modulo if'): 

A(U,K) := {V G H | 3 <j> G H, VG,K E M G ,K : <t> ¥= 0, G L 2 (G, ^g,k)} , 

which will be shown to be a linear manifold. We will say that the represen- 
tation U of G is square integrable modulo the relatively central subgroup K 
if 

A(U,K)^{0}. 

Eventually, we are ready to establish the central results of this section. 

Proposition 5 The strongly continuous irreducible unitary representation 
U of the l.c.s.c. group G is square integrable modulo the relatively central 
subgroup K if and only if P s is a square integrable projective representation 
of X, hence, if and only if Up s is a square integrable unitary representation 
of X ms . Moreover, the respective sets of admissible vectors coincide: 

A(U,K)=A{P s )=A(U Ps ). 

Proof : Let Hg,k be a measure in M.g,k- Then, denoted by g the 
density canonically associated with hg,k, we have: 

/ \£jg)\ 2 dn GtK (g) = / \(U{s{x)k)i;,(l))\ 2 g(s(x)k) dnx®fi K {x,k) 
Jg Jxxk 

= / \<%> d,( s ( x ))\ 2 Q( s ( x ) k) d^x®^K{x,k) 

JXxK 

= [ \c^(x)\ 2 d/i x (x), V^^eW. 

It follows that A(U,K) = A(P S ) = A(Up s ), hence U is square integrable 
modulo K if and only if P s (or Up s ) is square integrable. ■ 

We can now prove a generalization of the theorem of Duflo and Moore. 
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Theorem 3 Let the representation U of G be square integrable modulo the 
relatively central subgroup K . Then, for any £ TC and any tp in the dense 
linear manifold A(U,K), the cofficient is square integrable with respect 
to any measure \ig,k in Mg,k- For any nonzero vector tp £ A(U,K), the 
map 

C$ K : n3 ( p^c l i^£L 2 (G^G,K) (41) 

defines a linear operator which is essentially isometric. Furthermore, there 
exists a unique positive selfadjoint injective linear operator Djj^k in T~t such 
that 

A(U, K) = Dom (D UjK ) 

and 

I 4^9)* <%„4>M dfi G ,K(g) = (0i,0 2 ) lPu,Kih>Du,Kil>i)> (42) 

for all 4>i,4>2 £ TC, for all ipi,ip2 £ A(U,K). Finally, the operator Djj^k 
does not depend on the choice of the measure ^g,k in Mg,k and, if Dp s 
is normalized according to fix, Du t K = Dp s - Thus, F)\j^k is bounded if and 
only if X = G/K is unimodular and, in such case, it is a multiple of the 
identity. 

Proof : If U is square integrable modulo K, then, for any (p £ TC, 
ip £ A(U, K) = A(P S ) and [i G ,K G Mg,k, we have: 

4U(#)| 2 d ^G,K{g) = / |cj Ax)\ 2 dfix(x) < +00. 
G JX 

It follows that 

+00 > f {^i,U(g)ipi){U(g)ip 2 , 02) dfi G ,K(g) 

(0i,P s (x)0i)(P s (x)V>2,02) g(s(x)k) dii X ®VK(x,k) 

K 

(Fubini's th.) = ^cg A (z)*cJ^ 2 (aO (^J^o{s{x)k) dfi K (k)j d/ix(x) 
j x 

(Theorem© = (0 l5 2 ) (D Ps fa, D Ps </>i), 

V0i, 02 G H, V^i, ip2 € A{P S ) = A(U,K). Now, set D U>K = D Ps and notice 
that nothing in the preceding arguments depends on the choice of hg,k in 
M.GK- This completes the proof. ■ 



G 



XxK 
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Remark 4 Assume that K is compact. Then, if we set as usual ^lk(K) = 1, 
HG belongs to Mg,k- Indeed, denoted by iy the indicator function of a set 
y , for any compact subset C of G, we have: 

%ck{s{x) k) = i p ( C )xk(x, k) = i p (c)(x), Vx el, \/k G K. 

Hence: 



H G {CK)= I i C K{s{x)k) d/ix® HK(x,k) = nx(p(C)) /j, k (K). 

J XxK 

The same argument shows that, if /j,g belongs to Mg,k, then hk(K) = 1 
and K must be compact. 

Remark 5 From Remark ^] it follows that, if K is a compact U -central 
subgroup, U is square integrable if and only if it is square integrable mod- 
ulo K. In particular, the square-integrability of a unitary representation is 
equivalent to the square-integrability modulo the trivial subgroup {e}. 

Remark 6 If K is a closed central subgroup of G, we can prove that the 
quotient group X is unimodular if and only if G is. Indeed, if K is central, 
then Ac(k) = Ax(k) = 1, for all k G K, and, for any f G L 1 (G, /ic); using 
Fubini's theorem we have: 



f{g) dfJ>G(g) = / f(s(x)k) dnx®HK(x,k) 
G J XxK 

(K unimodular) = / f(s(x~ 1 ) A; -1 ) Ax(x _1 ) d(j,x®HK(x, k) 

JXxK 

(K central) = / f(kT 1 s(x~ 1 )) Ax(i _1 ) dnx®HK{x, k) 

JXxK 

(six' 1 ) = k s (x- 1 ,x)- 1 s(x)- 1 ) = / /(fc- 1 s(x)- 1 )A x (x- 1 ) dfi x ®VK(x,k) 

J XxK 

(pig- 1 ) = p(g)- 1 ) = [ f(g- 1 )Ax(p(g~ 1 ))d f , G (g), 



JG 

where Ax is the modular function on X. Hence: 

A G (g) = A G (g k) = A x (p(g)), V 5 G G, Vk G K, (43) 

so that X is unimodular if and only if G is. 

We will now prove some properties concerning the square-integrability 
of a unitary representation modulo a relatively central subgroup. 
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Proposition 6 If U is a square integrable representation of G, then U is 
square integrable modulo every U -central subgroup of G. 

Proof : If U is square integrable, then, according to Proposition [21 any 
[/-central subgroup is compact. Hence, recalling Remark [5J we conclude 
that U is square integrable modulo every [/-central subgroup. ■ 

Proposition 7 If G admits a representation U that is square integrable 
modulo a compact relatively central subgroup, then every U -central subgroup 
of G is compact. 

Proof : If U is square integrable modulo a compact relatively central 
subgroup, then, according to Remark it is square integrable, hence, by 
Proposition |2 every [/-central subgroup is compact. ■ 

The following result can be regarded as a generalization of Remark 0] 

Proposition 8 Let K,K beU -central subgroups ofG, with K C K. Denote 
by X,X respectively the quotient groups G/K and K/K. Then, if X is 
compact, for a suitable normalization of the left Haar measures /jl^ and fJLj^, 
we have that 

M Gj< C M g ,k. (44) 

Hence, if X is compact, U is square integrable modulo K if and only if it 
is square integrable modulo K. Conversely, if relation \44\ ) holds, then X 
must be compact. 

Proof : Suppose that X is compact. Then we can set the normalization 
of the Haar measure on it as usual: ^ij^(X) = 1. This choice fixes the 
normalization of the Haar measures /i^ and /i^-, if, denoted by s : X — > K 
and s : X — > G a couple of Borel sections, one imposes that the image 
measure, through the Borel isomorphism 7§ : X x K — » K, of fJ>x<&fJ-K is 
fix and [iq is the image measure of ^x^l^k through 7§ : X x K — > G. 
Now, let p, G fr be a regular measure in A4 G ^ and g the density canonically 
associated with it, which can be assumed to be a non-negative continuous 
function such that 

/ g(gk) dfi R (k) = l, VgeG. (45) 
Jk 
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Then, for any compact subset C of G, denoted by iqk the indicator function 
of the set C K, we have: 



P>gk( ck ) = \ l ci<{g) g{g) dn G (g) 

JG 

= / icK{s{x)k) g(s(x)k) dnx®HK(x,k) 

JXxK 

= / Mc)( x ) Q( s ( x ) k ) dnx®HK{x,k). 

JXxK 

Next, by Lemma |21 and Tonelli's theorem, the integral on X x K can be 
further decomposed and we get: 

^Gki CK ) = I 1 p(C)( x ) Q(s(x)s(x)k) dnx®^x®^k^ x ^^) 

JXxXxK 



(property (gSJ)) = / t ptyC )(x) dfi x ^ fi x ( x ^)- 
JXxX 



It follows that jj,Q R (C K) = fix(p(C)), for any compact subset C of G, hence, 

K belongs to M.g,k- 
In passing, notice that, by the same argument, if A4 G R is a subset of A4g,k, 
then, for a suitable normalization of the left Haar measures fi x and /i^>, it 
turns out that /i x (X) = 1, thus X must be compact. 

Now, let (jl g x be any measure in M G R . Then, observing that C K = C KK, 
since K C K, denoted by g the density canonically associated with fj, G R 
and by p the projection homomorphism of G onto X, we have: 



l^aP) = / i CKk {s{x)k) g(s{x)k) dii x ®ji R {x,k) 



XxK 



ip(CK)(x) g(s(x) k) d(j, x ® Hx(x, k). 

Xxk 

Hence, for any compact subset C of G, 

f i GR (CK)= f , x (p(CK))=^ Gji (CK)= f ,x(p(C)). 
Thus M.q £ C M.g,k and the proof is complete. ■ 

5 Intertwining properties 



In this section, we want to investigate the intertwining properties of the 



operators Cjft and C , ' . To this aim, let us recall first that with any Borel 
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section s : X — > G one can associate the map c s : G x X — > K, defined by 

c s (g, x) := s(x) _1 5 _1 s{g[x}), (46) 

which is called the cocycle associated with s. Recall also (see, for instance, 
|21| ) that the representation of G unitarily induced by the representation x 
of K in C can be realized as the representation R x < s : X — > U(L 2 (X, fix)) 
defined by: 

(Rf s f) (x) := X (c s (<r\ x)) fig' 1 [x]), f G L 2 (X, fi x ), (47) 

where we have used the fact that fix is an invariant measure with respect 
to the natural action of G on X. 

Now, let us define Gq as the linear space of complex-valued Borel func- 
tions / on G that satisfy the following conditions: 

f(gk)= x (kr 1 f(g), VgeG,VkeK, (48) 

and 

/ |/(s(x)| 2 dfi X (x) < +oo. (49) 
Jx 

Observe that, due to the first condition, the second one does not depend on 
the choice of the Borel section s. Next, identifying two functions /, / in Qq 
if f(s(x)) = /(s(x)) for fix-almost all x £ X, we can define the pre-Hilbert 
space Q x of equivalence classes of functions in with scalar product 

(fl,f2)gx:= f /i(s(x))* / 2 (s(x)) dfi x (x). (50) 
Jx 

At this point, given a measure hg,k in -Mg,k and denoted by g the density 
canonically associated with fic,K, for any / G Q x , we have: 

\\ff gx := [ \f(s(x))\ 2 dfix(x) 
Jx 

(condition (|4*8|) . property (|38|0 = / |/(s(x) k)\ 2 g(s(x) k) dfi x ® Hk{x, k). 

JxxK 

Hence, we find that 

ll/llgx= / \f(gf dfi G , K (g), V/Ggl (51) 
Jg 

Then, one can associate in a natural way with any function / (representative 
of an equivalence class of functions) in Q x its equivalence class of functions 
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with respect to Hg,k (i-e. the class of all Borel functions ^c.^-almost every- 
where equal to /), so obtaining a linear submanifold G$ GK of L 2 (G, hg,k) 
and an isomorphism of pre-Hilbert spaces \ flG K : G x — ► Q^ G K . From this 
point onwards, with the customary abuse, we will not make a distinction 
between an element of G x or Q^ G K and a representative function of this ele- 
ment, whenever this distinction will be irrelevant; thus, in particular, K 
will be regarded as the map which associates with any function in Q* G K a 
function /icif-a.e. equal to it that verifies condition ()48[). 
Let us prove that G x , G* g ,k are actually Hilbert spaces and, hence, \ fJiG K is 
a unitary operator. 

Proposition 9 For any Borel section s : X — > G, there is an isometric 
linear operator F s : L 2 (X,fix) — ► L 2 (G, Hg,k), such that Ran(F s ) = G% GK , 
which is explicitly defined by 

(F s cp)(g) = x (s(p(g)r 1 g)- 1 <p(p(g)), V 9 eG, (52) 

for any if G L 2 (X,nx)- Thus G$ G K is a closed subspace of L 2 (G, Hg,k), 
hence a separable complex Hilbert space. 

Proof : For any ip G L 2 (X,fix), since 7 S is a Borel isomorphism, we 
can define a Borel function / on G setting 

/(7s0, fc)) = Vx El, Vfc G /ST. 

Now, we have: 

/ |/( 5 )| 2 dnG,K(g) = / |x(A0~VO)| 2 <?(sO)*0 d(j, x ®l-tK(x,k) 
Jg Jxxk 

= / Iv0*0| 2 dnx{x). 
Jx 

Thus the mapping 99 1— > / defines a linear isometry from L 2 (X, \ix ) into 
L 2 (G ^g,k)- Observe also that 

/(s(x) A; A;') = X (k k')~ l ip(x) = xik')' 1 f(s(x)k), Vj £ I, V k, k' G 

It follows that range of this mapping is contained in Q^ G K ; let us show that 
it coincides with G% G K - Indeed, take any function / in G x and set: 

<p(x) = /(s(x)), Vx G X 
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Then, ip : X — > C is a Borel function and 

\<p(x)\ 2 dpxix) = [ |/(S(X))| 2 dfi X (x) = \\f\\ 2 g x , 

x Jx 

hence (p belongs to L 2 (X, fix)- Moreover, as / satisfies condition (|48(1 . 
F s ° if = /, where now / is regarded as an element of Q^, GtK , and we conclude 
that Ran(i ? s °) = Q\\ G K . Eventually, notice that, for any ip G L 2 (X, fix), 

(F s ° <p) (g) = x(s(p( 3 ))- 1 5 )-V(p(5)) = (F 5 <p) (g), V 5 G G. 

This completes the proof. ■ 

Observe that in the Hilbert space Q x one can define the strongly contin- 
uous unitary representation R x of G by 

(if /)(<?') :=/(<rY), M'eG, (53) 
for all / G Q x . Indeed, recalling formula ()51|) . we have: 

= / 1/(5" V)l 2 duaAg') 
Jg 

= [ \f(g')\ 2 Q(gg') dfi G (g>) 
Jg 

(g = s(x)k) = [ \f(s(x'))\ 2 C(xx')df, x (x'), 
Jx 

where 

C(xx') = / q(s(xx')(k s (x, x')~ l k s / x i\k')) dfixik') 
if 

Thus, C(xx') = 1 for ^x-almost all x' £ X and 

l|if/§x = / |/(s(x'))| 2 d / ix(x') = ||/ix. 

Jx 

Then, since R x = I and Rg ig2 = R gi Rg 2 , for any 51,52 G G, R x is a unitary 
representation. Moreover, since, for any /, / G Q x , the function 

(sYWGrYr/V) 
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is Borel on G x G, we have that 

G3g^(R*f, />gx = J f{g- l g'T f(g') d^ G , K {g') G C 

is a Borel map. This means that R x is a weakly Borel unitary representation, 
hence, strongly continuous. It follows that 

Ria, K '■ G 3 g i-y RX G K (g) = \^ K R* 1^ (54) 

is a strongly continuous unitary representation of G in Q* G K . 

We want to show now that the representations R^ G K and R x,s defined 
above can actually be identified. In fact, we can define, according to Propo- 
sition the unitary operator 

F 5 : L 2 (X, fi x ) 3 V ^ F 5 <p G Q X GK (55) 

and prove the following result. 

Proposition 10 The representations R^ G K and R x ' s are unitarily equiva- 
lent. Precisely, we have: 

R%c, K (9)=F s Rf s F s *, VgeG. (56) 
Proof : Indeed, for any / G G* G K , setting g' = s(x') k' , we have: 

(\; GK F s Rf s F s *f)(s(x')k f ) = xikr'^JsRr^f)^')) 

= xikT'xicsig- 1 ^)) [f s * ^(g-^x']) 

= xW^xdcig- 1 ,*)) (W)(s(s -1 M)) 

V<? G G, Vx' G X, \/k' G Then, since 7 S is a bijective map, we have that 

F s Rf* F s * = \^ K R* \; GK = R* G Jg), Vg g G, 
and the proof is complete. ■ 
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Remark 7 The representation R x in the Hilbert space Q x is the realization 
of the representation of G induced by the representation x of K introduced 
by G. Mackey in his seminal paper \2J$ on induced representations of locally 
compact groups (extending the work of Frobenius on representations of finite 
groups). This realization is often used in the mathematical literature. Here 
we have shown that one can give a realization Rp G K of this induced repre- 
sentation in a Hilbert space Q* G K of (equivalence classes of) functions on 
G that are square integrable with respect to a measure in the left-invariant 
set Mq,k> hence 'living completely on G', unlike the functions in Q x . 

At this point, we can make the intertwining properties of the operators 
C$ K and explicit. 

Theorem 4 Let the representation U be square integrable modulo K . Then, 
for any nonzero vector^ G A(U,K) = A(P S ) the range of the linear operator 
C^' K , which is essentially isometric, is a closed subspace ofQ^ GK and C^' K 
intertwines the representation U with the representation Rp GK , namely 

C% K U(g) = R x G Jg) C$ K , Vg G G. (57) 

Besides, the essentially isometric linear operator C^ s intertwines the repre- 
sentation U and the projective representation P s of X respectively with the 
induced representation R x ' s and the left regular m s -representation R ms of X 
in L 2 (X,nx)- 

Proof : Observe that, since K is {/-central, we have: 

(U(gk) t/;, <P) = x(fc) _1 (EW, 4>), Vg G G, Vk G K. 

Thus, if U is square integrable modulo K, then, for any </> G 7i and any 
ip G A(U,K), i|) / 0, the coefficient is a continuous function which 
belongs to L 2 (G, Hg,k) and 

4,M) = X(kr l c u ^{g), Vg £ G, V/c G K. 

This proves that Ran(C^' ) is contained in Q^ GK , hence, it is a closed 
subspace of G^ g ,k since C^ ,K is essentially isometric. Moreover, 

(cV> K U(g)<t>) (</) = (U(g')^U(9^) = (U(g- l g')^A) = c^GrV), 
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hence C^ ,K intertwines U with Rfr G K . 

Besides, we have already shown in section |3] that C^ s intertwines P s with 
R ms . Now, let us observe that 

{P s {x)^,U{g)4>) = {U{s{x))^U{g)4>) 

= (Uisig-^x^csig- 1 ^)- 1 )^^} 

= xtcsQr^))^- 1 ^])^}, 

hence, intertwines U with R x,s . ■ 



6 Discussion of the main results and examples 

We believe that the fundamental points of our paper are two: 

PI the definition of square- integrability of a representation U of G modulo 
a relatively central subgroup K by means of the left-invariant set of 
Radon measures M.g,K\ 

P2 the association of square integrable representations modulo a relatively 
central subgroup with square integrable projective representations. 

With respect to the first point, we observe that our definition is a natural 
and complete generalization of the usual notion of square-integrability of a 
representation. The role played by the Haar measure \xq i n the standard case 
is played, in the generalized case, by the set M.g,Ki which consists of mea- 
sures that are not left-invariant individually but are transformed one into 
another by left translations and reduces (up to normalization) to {^g} when 
K = {e}. The complete characterization of Mg,k provided by Proposition^] 
allows to define, for any measure Hg,K i n Mg,k, the realization Rp G K in the 
Hilbert space Q^lq K of the representation of G induced by the 1-dimensional 
representation xof K and to establish the link with square integrable projec- 
tive representations, namely the second fundamental point of our approach. 
This association has to important consequences. First, one can prove the 
'generalized Duflo-Moore' Theorem |21 directly from the classical result of 
Duflo and Moore, hence, show that if U is square integrable modulo K then 
it is equivalent to a subrepresentation of Rfi G K (that can be regarded as 
a natural generalization of the left regular representation of G to which it 
reduces for K = {e}). Second, one can check if the representation U of G 
is square integrable modulo K investigating the square-integrability of the 
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unitary representation Up s of the central extension X ms of T by X = G/K. 
In many concrete applications, it turns out that X ms is a semidirect product 
and one can use some general results on square integrable representations 
of semidirect products (see [25]). 

The definition of square-integrability modulo a subgroup of a repesen- 
tation given in this paper can be partially compared with the notion of 
representation with a 'a-admissible' [2*^ or '^-admissible' |27] subspace. 
Anyway, as far as we know, the points PI and P2 (and their consequences) 
are specific of our work. 

We will now discuss the example of the representations of the Weyl- 
Heisenberg group, which is remarkable for its physical applications, and an 
example of a representation that is square integrable modulo a non-central 
relatively central subgroup. 

Let us consider the (2n+l)-dimensional polarized Weyl-Heisenberg group 
(see, for instance, [2E]), namely the semidirect product 

U' n = (KxP) x' fl Q, 

where K, P and Q are vector groups isomorphic respectively to R, R n and 
M n , and the action a of Q on K x P, is defined by: 

i»q(*»P) = (* + q-PiP)> (fc,P,q) G K x P x Q; (58) 

here the dot denotes the euclidean product. Thus, the composition law in 
W n is given explicitly by 

(k,p,q)(tf,p',4) = (fc + /c , + a q (/c , ,p / ),P + p / ,q + q / ) 

= (fc + fc' + q-p',p + p',q + qO- (59) 

As the action a is smooth, M' n is a Lie group (hence, a l.c.s.c. group). The 
subgroup K is the centre of W n . Then, since W n has a noncompact centre, ac- 
cording to Proposition^ it cannot admit square integrable unitary represen- 
tations. We can also check this result by explicitly classifying the irreducible 
unitary representations of M' n . In fact, the polarized Weyl-Heisenberg group 
has an abelian normal factor K x P, so that we can use Mackey's little group 
method. 

To this aim, let us identify the dual group K x P of the normal factor K x P 
of W n with R x R n by means of the standard pairing: 

(KxP)x(KxP) 9* (RxM n )x(RxM n ) -> T 

(&p),(fc,p)) ^ (k,p)o(k,p) = e^ kk+ ^. 
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Then, we have that the dual action d of Q upon K x~P, which is defined by 

(fiq(fc, p)) O (k, p) := (k, p) O (0_ q (fc, p)), 

has the following explicit form: 

dq(fe,p) = (fe,p- fcq), (fc,p) G K X P, qG Q. (60) 

Hence, the Q-orbits in K x P = R x IR n with respect to this action can be 
classified as follows: 

• the singleton orbits 

Oo,p = {(0, P )}, PGM"; 

• the non-singleton orbits 

O h = {(k,p)\ pel"}, fcGM-{0}, 
which are n-dimensional affine submanifolds of R x M. n . 

Observe that these orbits are closed subsets of M x W n . Then, since M' n 
is a l.c.s.c. group, the orbit structure generated by the dual action ft is 
regular (see j2H]> chapter 6; or 'smooth', see [25> chapter VI). It follows that 
any irreducible unitary representation of M' n is unitarily equivalent to one 
generated by Mackey's method. At this point, since all the orbits generated 
by d are negligible sets with respect to the Haar measure dkdp on K x P, 
by virtue of a general result concerning semidirect products with abelian 
normal factor (see Theorem 2), we conclude again that W n does not 
admit square integrable representations. 

We want to show now that the representations associated with the non- 
singleton orbits are square integrable modulo K. To this aim, let us consider 
the generic non-singleton orbit (k G M — {0}). The action of Q on 
Oj, is free, hence, there is only one irreducible unitary representation Ul 
associated by Mackey's method with this orbit, i.e. the one which is induced 
by the unitary character (k, 0) o (•, •) of the subgroup K x P of W n . This 
representation can be realized in the Hilbert space Tt^ = L 2 {Oy dp) and is 
defined by 

(U k (k,p,q) f) (p) = e^+P'P) /(p + fcq), V/ G H h (61) 

where we have used the fact that dp is an invariant measure with respect to 
the dual action of Q. Observe that the restriction of Ul to K is of the form 
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Xj. I-, where Xk 1S the unitary character K 3 k \— > e . 

Next, one can show easily that the quotient group X = W n /K can be 
identified with the direct product group P x Q = M. n x R™ (notice that 
this group is not a subgroup of M' n ). A smooth section s : X — > W n is 
defined by 

s(p,q) = (0,p,q), (p,q)£PxQ. (62) 
Notice, in passing, that another smooth section s' is given by 

s'(p,q) = (p-q/2,p,q). (63) 

Then, since 

(0, pi + p 2 , qi + q 2 ) = (0, pi, qi) (0, p 2 , qj) (-qi • P2, 0, 0), 
we find that 

«s((pi,qi),(p 2 ,q 2 )) = (-qi-p 2 ,0,0), m^ s ((pi, qi), (p 2 , cfcj)) = e - ifcqrP2 , 
where we have used the notations introduced in section 0J Thus, the formula 

(n,s(P,q)/) (P) := (^(s(p,q))/) (P), / G U h (64) 

defines a projective representation of X, with multiplier m^, . According to 
Proposition El the unitary representation Uf, is square integrable if and only 
if Pt s is. Moreover, as it has been shown in section |*3 the problem of the 
square-integrability of Pf, can be tackled by introducing a central extension 
of the circle group T by X. In fact, following the recipe given therein, we 
define the group X m * (see Remark ^) consisting of the cartesian product 
T x P x Q equipped with the composition law 

(r, P, q) (r\ p', q') = (r r' e^™' , p + p', q + q'). (65) 
X m * , endowed with the product topology, becomes a l.c.s.c. group (actually, 

fe,s 

it is even a Lie group). Notice that X m * is a semidirect product, i.e. 

fe,s 

X m * =(TxP)x'i Q, (66) 

fe,s c* 

where the action a k of Q on T x P is defined by 

e5(r,p) = (re < ^-P p). (67) 
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Let us observe explicitly that X m * = X m . s , k G M — {0}. In particular, 
X m * is called the reduced polarized n-dimensional Weyl-Heisenberg group, 

denoted by W n . Now, the dual group of T x P can be identified with ZxP = 
Z x M n using the standard pairing 

(ZxP)x(TxP) 3 ((j,p),(r,p))^YP-P. (68) 

Then, since the dual action of Q on Z x P is free, Mackey's method associates 
with the generic non-singleton orbit 

Oj = {(j,p)\ pen jeZ-{o}, 

a single unitary representation £7V ■ m L 2 (Oj,dp), defined by 

([/^.(r, p, q) /) (p) = e J P-P /(p + j k q). (69) 

This time the orbit Cj is a non-negligible set with respect to the Haar 
measure dj dp on Z x P, where dj is the counting measure on Z. It follows 
that (see j^S], Corollary 1), for any j £ Z — {0}, 17^ . is square integrable. 
Now, observe that U~ k 1 coincides with the representation t7*p. s associated 
with the projective representation s (see formula (|25|l). or, equivalently, 
fjjj _j with f/p . Hence, according to Proposition |SJ for any k G M— {0}, 
the representation Ut is square integrable modulo K. Moreover, since X is 
unimodular, the set of the admissible vectors A(Ul,K) coincides with the 
whole Hilbert space TL^. 

As we have seen in section 0] the projective representation Pr , asso- 
ciated with the section s' (see formula ([B3*])) is square integrable since Pj es 
is. Now, denoted by q, p respectively the (vector) position and momentum 
operators and by d, the (vector) annihilation and creation operators, 

d=-^=(q + ip), d f = -L(q-ip), 

we recall that the displacement operator with parameter z = "^( c l + ip) is 
defined by 

V{z) := exp(z-d t - z*-a). (70) 

Hence, fixing k = — 1 (recall formulae (|64|l) and identifying L 2 (C_i, dp) 
with L 2 (R n ), we have: 

p( z ) = e^p-q-q-p) = e -^p-q e ip-q e -iq-p = p_ ls ,(q )P ). (71) 
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Thus, the set of displacement operators which generate classical coherent 
states (see (30]) are nothing but a square integrable projective representation 
of C regarded as a vector group. 

In many physical applications (for instance, canonical quantization), the 
standard Weyl Heisenberg group H n is used instead of W n . We recall that 
M n is the Lie group with manifold R x R ra x R ra and composition law 

(k, p, q) (A/, p', q') = {k + k' + (q • p' - p ■ q')/2, p + p', q + q'). (72) 

The groups EIjj and are isomorphic. Precisely, the map 

5:M n B (fc,p,q)^ (k + ± p • q, p, q) G (73) 

is an isomorphism of Lie groups. Here we have used the polarized Weyl- 
Heisenberg group just because its semidirect product structure emerges in 
a more transparent way. 

We stress also that we have chosen the symbols denoting the elements of W n 
so that to obtain the projective representation which generates the coherent 
states without using the Fourier transform. A choice closer to the physicist's 
point of view is the following. Interchange the symbols p and q so that, now, 
HI' is the semidirect product {K x Q) x' P, with composition law 

(k, q, p) (£/,q', p') = (k + k' + p • q', q', p'). (74) 

Next, proceeding as above, we find that the representation associated by 
Mackey's method with the nonsingleton orbit Oj, is given by: 

(U- k (k, q, p) /) (q) = /(q + k p), / G L 2 {Oy dq). (75) 

At this point, given the section s' : Q x P 3 (q, p) (q • p/2,q, p) G W n 
and setting k = 1, we have that the equation 

P(q,p) =[/ 1 (s / (q,p)) (76) 

defines a square integrable projective representation P. Then, denoted by 
T the Fourier-Plancherel operator in L 2 (R"), we have: 

FV{z)f~ l = e ^+P-P) = e §qp e »qq e »pp = p( q , p ), (77) 

where we have identified L 2 {0\,di\) with L 2 (R n ). 

We conclude this section with a further example. Let us consider the 
group 

G = (TxSxBxP)x'(Qx(Rx'A)), 



35 



where 

T = S = B = M, P = Q = R = IR n neN, A = M+, 

and the product is defined as follows. First, we specify that the subgroup 
Q x (R x' A) of G is the direct product of Q with the (n+l)-dimensional 
affine group Rx'A; thus, its composition law is given by: 

(q,r,a)(q',r',a') = (q + q', r + a r', aa'). (78) 

Next, we define the action (•)[•] of this group on the abelian normal factor 
TxSxBxPofGby 

(q,r,ct)[i,s,6,p] = (t + q • p, a s + r • p, a b, p). (79) 

At this point, one can easily check that the map (q, r, a) i-> (q, r, a)[-] is 
a homomorphism of Q x (R x' A) into the group of automorphisms of the 
normal factor of G. Thus, the product in G is well defined by the action 
(•)[•] and is given explicitly by 

(i, s, b, p, q, r, a) (t' , s' , b' , p', q', r', a') = {t" , s", b",p + p', q + q', r" , aa'), 

where: 

t" = t + t' + q • p', s" = s + a s' + r • p', b" = b + a b' , r" = r + ar'. 

Since the action of Q x (R x' A) on T x S x B x P is smooth, G is a 
(3n+4)-dimensional Lie group. Using the pairing 

(ijAP)o(t,sAp) = e^ ti+sS+hh+p -v\ 

one finds out that the dual action (•)[•]" of Q x (Rx'A) on the dual group 
TxSxBxP = Mx]RxRx]R n of the abelian normal factor of G is given 

by 

(q, r, a)[i, s,b, p]~ = (i, a 1 s,a 1 6, p — tq— sa 1 r). (80) 

Then the orbit O x , with respect to this action, passing through the point 
x = (t , s , b , po) = (1, 0, 1, 0) of T x S x B x P is 

O x = Q x (R x' Q)[l, 0,1,0]" = (l,0,M + ,]R n ). 

The action of Q x (R x' A) on the orbit O x is not free. Indeed, notice 
that the stabilizer of the point x is the subgroup R. Hence, according to 
Mackey's theory, with any unitary character R B r e ik ' r , k 6 W 1 , of R 
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one can associate a unitary representation U of G in L 2 (0,dbdp) denned 
by 

{U(t, s,...,a)f) (b, p) = a 1 / 2 e i (*+ k ' r ) e *(»+P-p) F(a b, p + q), (81) 
which is the representation induced by the unitary representation 

(to,so^o,Po)o(-,-,-,-)e lk ' ( ' ) 

of the subgroup (T x S x B) x' R of G in the 1-dimensional Hilbert space 
C. Then, one can verify easily the following facts: 

• the direct product group T x S x R is a closed normal subgroup of G 
and the restriction of U to this subgroup is the scalar representation 
(t, s, r) i — ^ e l (*+ k ' r ) / ) hence T x S x R is [/-central; 

• the quotient group X = G/(T x S x R) is isomorphic to the group 
(P x Q) x (B x' A), namely to the direct product of M. 2n with the 
(l+l)-dimensional affine group; 

• a smooth section from X into G is given by 

s : X 3 (p, q, b, a) ^ (0, 0, b, p, q, 0, a) G G; 

• with this section is associated the projective representation P s = U o s 
of X, with multiplier m s defined by 

m s ((p,q,6,a),(p / ,q / ,6 / ,a / )) = e^ q - p '; 

• the projective representation P s is square integrable, as one can check 
defining the group X ms and studying its irreducible unitary represen- 
tations, or, alternatively, observing that P s is the tensor product of a 
square integrable projective representation of P x Q and a square in- 
tegrable unitary representation of the (l+l)-dimensional affine group 
B x' A; 

• by the previuos item, the irreducible unitary representation U is square 
integrable modulo the relatively central subgroup T x S x R. 

Observe that the [/-central subgroup T x S x R is not central in G. 
Indeed, for instance, for a / 1, we have: 

(0,0, ...,0,a)(M,0,0,0,r, 1) (0, 0, . . . , a" 1 ) = (t, a s, 0, 0, 0, a r, 1) 

+ (t,s,0,0,0,r,l). 
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Besides, X is not unimodular. In fact, one finds easily that the modular 
function Ax on X is given by 

A x (p,q,M =a~\ V(p, q, b, a) € X. (82) 

Hence, according to Theorem|31 the Duflo-Moore operator -Dj/txSxR is not 
bounded. Applying Corollary 2 of ref. [25] to the square integrable repre- 
sentation Up s of X ms , one finds easily that, with a suitable normalization 
of the left Haar measure on X, -D^txSxR is the multiplication operator in 
L 2 (0, dp db) by the function (p, b) b~ 1/2 . 
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